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Solitary DustAousti Waves in a Plasma with
Two-Temperature Ions and Distributed Grain Size
V. V. Prudskikh
Researh Institute of Physis, Southern Federal University, Rostov-on-Don, Russia
The propagation of weakly nonlinear dustaousti waves in a dusty plasma ontaining two ion speies
with dierent temperatures is explored. The nonlinear equations desribing both the quadrati and
ubi plasma nonlinearities are derived. It is shown that the properties of dustaousti waves depend
substantially on the grain size distribution. In partiular, for solitary dustaousti waves with a
positive potential to exist in a plasma with distributed grain size, it is neessary that the dierene
between the temperatures of two ion speies be large that that in the ase of unusized grains.
1 INTRODUCTION
Dustaousti waves are a phenomenon inherent in plasmas ontaining, besides eletrons and
ions, heavy (about 10−14 g) dust grains, whose harges are determined by the balane between the
ion and eletron urrents onto on the grain surfae. The proesses ourring in dusty plasmas have
been atively studied over the past two deades. The presene of dust in plasma not only modies
the onventional plasma modes, but also gives rise to new types of low-frequeny eletrostati plasma
osillations, suh as dustaousti waves [1℄, dust Coulomb waves [2℄, and dustlattie waves [3℄. A
onsiderable number of studies have been devoted to investigating linear and nonlinear properties
of these waves. Weakly nonlinear small-amplitude waves are usually analyzed by expanding the
equations in power series in a small parameter and using the method of oordinate strething in
aordane with the form of the dispersion relation [4℄, while large-amplitude waves are studied
using the quasi-potential method [5℄ or gasdynami approah [6℄.
Dustaousti waves propagate with a very low phase veloity (from several tens entimeters
per seond up to a few meters per seond). Therefore, it an be assumed that the eletrons and
ions, whose thermal veloities are muh higher than the wave phase veloity, are distributed in
the wave eld aording to the Boltzmann law. A number of papers were devoted to studying the
properties of nonlinear dustaousti waves in a plasma ontaining two ion speies with dierent
temperatures [7℄[10℄. Suh a situation an our when two plasmas with dierent temperatures are
mixed with one another. The time during whih ions relax to a state haraterized by one temperature
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is usually muh longer that the period of dustaousti osillations (see [8℄). Therefore, suh a two-
temperature plasma an be desribed by Boltzmann distributions for eah ion speies. It is also
assumed that the eletron temperatures of two plasmas are equalized very rapidly by virtue of the
ondition τ ee/τ ii ≈ (me/mi)1/2(Ti/Te)3/2 ≪ 1, where τ ee and τ ii are the relaxation times of eletrons
and ions to equilibrium states; me and mi are the masses of an eletron and ion, respetively; Te and
Ti are the eletron and ion temperatures.
In [7℄, the propagation of a nonlinear dustaousti wave in a dusty plasma with two-temperature
ions and a onstant grain harge was onsidered. It was shown that both ompression and rarefation
solitary waves, as well as double layers (waves having one nonzero asymptotis at innity and
desribed by the hyperboli tangent funtion), an propagate in suh a medium. In [8℄, it was
notied that it is neessary to take into aount variations of the grain harge in the wave eld,
beause the ontribution of this eet to the nonlinear oeient in the Kortewegde Vries (KdV)
equation, desribing the propagation of weakly nonlinear dustaousti waves, is omparable with
the hydrodynami nonlinearity.
In previous studies on the propagation of dustaousti waves in a two-temperature plasma, it was
assumed that that dust grains are equal in size. However, it is well known that both laboratory and
astrophysial dusty plasmas ontain dust grains of dierent size [11℄[14℄. The distribution funtion
of dust grains over their radii a an be desribed by the power law
f(a) = Ga−ν , (1)
where G  is the normalizing fator. In alulations, it is usually assumed that the value of the
exponent ν is in the range 3.5  4 [15℄; however, one an nd in the literature alternative numbers.
Thus, in [16℄ , the value of ν was assumed to be in the range 0.9  4.5, and, in [17℄ , it was reported
that, for Saturn's G rings, this parameter an even reah a value of 67. The model implies that the
grain radii lie within the interval between the minimum value a1 and the maximum value a2; it is
assumed that, outside this interval, f(a) = 0.
In the present paper, the propagation of dustaousti waves in a two-temperature plasma is
studied with allowane for both adiabati variations in the grain harge (aused by variations in the
densities of the ambient eletrons and ions in the wave eld and, aordingly, variations in the uxes
of negative and positive harges onto the grain surfae) and hanges in distribution funtion (1). The
size distribution funtion alters both the linear wave phase veloity (as ompared to the ase of a
dust with unisized grains) and the nonlinear oeient in the KdV equation. An important point is
that this oeient an hange its sign. Previous studies have shown that it an take both negative
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and positive values, whih orresponds to ompression and rarefation dust waves, respetively. The
latter is possible when the ratio between the densities of old and hot ions is moderate, whereas their
temperatures dier signiantly. The goal of the present study was to investigate the propagation
of solitary dustaousti waves in a plasma with two-temperature ions under the assumption that
dust grain sizes obey distribution (1), to nd the onditions required for the existene of waves with
a negative and positive potential, and to ompare the results obtained with results of alulations
performed for a dust with equal-size grains.
The paper is organized as follows. In Setion 2, a set of basi equations is derived and dimensionless
variables are introdued. In Setion 3, the KdV equation and modied KdV equation (mKdV) with
oeients that take into aount the distribution over dust grain sizes are obtained by expanding the
basi equations in power series in a small parameter and using the method of oordinate strething.
In Setion 4, the nonlinear oeients of the equations obtained are analyzed. The main results are
summarized in Setion 5.
2 BASIC EQUATIONS
Let us onsider a dusty plasma onsisting of eletrons, ions, and heavy dust grains of dierent
size and mass. We assume that the dust ontains N dierent speies with the densities nj0, harges
Zj0, and masses mj . Then, the ondition of plasma quasineutrality an be written as
nih0 + nil0 = ne0 +
N∑
j=1
Zj0nj0, (2)
where nih0, nil0, and ne0 are the unperturbed densities of high- and low-temperature ions and elet-
rons, respetively. We assume that the wave phase is muh larger than the dust thermal veloity and
ignore the inuene of the thermal pressure on the dynami of the dust omponent. In this ase, the
ontinuity equation and equation of motion for eah dust speies have the form
∂nj
∂t
+
∂
∂x
(njuj) = 0, (3)
∂uj
∂t
+ uj
∂uj
∂x
=
Zje
mj
∂φ
∂x
, (4)
where nj and uj  are the density and veloity of the jth dust omponent and Zj  is the harge of
its grains. This set of equations should be supplemented with Poisson's equation
∂2φ
∂x2
= 4pie(
N∑
j=1
Zjnj + ne − nih − nil), (5)
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in whih the densities of eletrons and both ion omponents obey Boltzmann distributions,
ne = ne0 exp
(
eφ
Te
)
, (6)
nih = nih0 exp
(
− eφ
Tih
)
, (7)
nil = nil0 exp
(
−eφ
Til
)
. (8)
Here, Te, Tih, and Til are the temperatures of eletrons and high- and low-temperature ions, respetive-
ly.
Variations in the harge of dust grains of the jth speies are desribed by the balane equation
of urrents onto the grain surfae,
e
dZj
dt
= Ie + Iih + Iil, (9)
where
Ie = −epia2j (8Te/me)1/2ne exp
(
eΦj
Te
)
,
Iih = epia
2
j (8Tih/mi)
1/2nih
(
1− eΦj
Tih
)
,
Iil = epia
2
j(8Til/mi)
1/2nil
(
1− eΦj
Til
)
,
Φj = −Zje/aj is the surfae potential of grains of the jth dust omponent and aj is their radius.
The harging frequeny of dust is determined by the expression νch = ajωpi/(
√
2piλDi), where ωpi =
(4pie2mi0/mi)
1/2
is the ion plasma frequeny and λDi = (Ti/4pie
2ni0)
1/2
is the ion Debye length. The
time during whih a wave passes through a given point of the medium is τd = λ/vph ≈ (λ/λDi)ω−1pd ,
where ωpd = (4piZ
2e2nd0/md)
1/2
and λ is the wavelength. We assume that the harge of a dust grain
in the wave eld varies quasi-statially, so the urrent balane equation has the form
Ie + Iih + Iil ≈ 0. (10)
Obviously, for this to our, it is neessary that νchτd ≫ 1. Assuming that aj ∼ 10−4 m, Ti ∼ 1 eV,
Z ∼ 103, md ∼ 10−14 ã, and Znd0 ∼ ni0, we obtain the following ondition under whih the dust
grain harge in a long-wavelength dustaousti wave λDi ≪ λ an be desribed adiabatially [18℄:
ni0 ≫ 106(λDi/λ) m−3. For this ondition to be satised, the plasma should be suiently dense.
Otherwise, it is neessary to take into aount the nonadiabati harater of grain hanging in the
wave eld, due to whih the initial perturbation transforms into a dustaousti shok wave [19℄.
It follows from the above estimate that the model in whih the grain harge is assumed to vary
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adiabatially mainly applies to laboratory plasmas, while the use of this model to desribe dust
aousti waves in astrophysial plasmas, e.g., in Saturn's F rings ([10℄), is inorret.
In equation of dust motion (4), we ignored the fritional fore. In dusty plasmas, the momentum
loss of dust grains due to ollisions with ions is usually negligibly small and an be ignored. Atually,
the appliability ondition of this approah is κ = mini0νid/(mdnd0ωpd)≪ 1, where νid =
4piΛZ2e4nd0/m
1/2
i T
3/2
i is the ollision frequeny of ions with dust grains and Λ is the Coulomb
logarithm. For the above parameter values and nd0 ∼ 106 ñì−3, we have κ ∼ 10−4. In laboratory
plasmas, the density of neutral partiles is, as a rule, several orders of magnitude higher than the
plasma density. In our problem, the ondition under whih the frition of dust by the neutral
omponent an be ignored has the form νdn/ωpd = 8
√
2pia2jmnnnvTn/3mdωpd ≪ 1 [20℄, where nn
is the density of neutral partiles, mn is the mass of a neutral atom, and vTn is their thermal veloity.
For nd0, we nd that the density of neutral partiles should be nn ≪ 1015 ñì−3, whih is usually
satised with a large margin.
Let us introdue the total dust density N =
∑N
j=1 nj0 and the average harge Z0 =
=
∑N
j=1 nj0Zj0/N , average radius a =
∑N
j=1 ajnj0/N , and average mass m =
∑N
j=1mjnj0/N of a
dust grain. We also introdue the quantities
Teff =
Z0NTeTihTil
ne0TihTil + nih0TeTil + nil0TeTih
,
λDd = (Teff/4piZ0e
2N)1/2, ωpd = (4piZ0
2
e2N/m)1/2, and cD = (Z0Teff/m)
1/2
, and normalize the dust
density nj to N ; the dust grain harge Zj to Z0; the grain mass mj to m; the eletron density ne0
and ion densities nil0, nih0 to Z0N =
∑N
j=1 nj0Zj0; the time t to ω
−1
pd , the spatial oordinate x to λDd;
the veloity uj to cD; and the eletrostati potential φ and surfae potential Φj to Teff/e. Then, the
initial set of equations takes the form
∂nj
∂t
+
∂
∂x
(njuj) = 0, (11)
∂uj
∂t
+ uj
∂uj
∂x
=
Zj
mj
∂φ
∂x
, (12)
∂2φ
∂x2
=
N∑
j=1
Zjnj +
1
δ1 + δ2 − 1
(exp(β1sφ)− δ1 exp(−sφ)− δ2 exp(−βsφ)), (13)
exp[β1s(φ+ Φj)] = α1δ1 exp(−sφ)(1− sΦj) + α2δ2 exp(−βsφ)(1− βsΦj), (14)
where the following notation is introdued: δ1 = nil0/ne0, δ2 = nih0/ne0, β1 = Til/Te, β2 = Tih/Te,
β = Til/Tih = β1/β2, α1 = (β1/µ)
1/2
, α2 = (β2/µ)
1/2
, µ = mi/me ≈ 1836, and s = Teff/Til =
(δ1 + δ2 − 1)/(β1 + δ1 + βδ2).
In deriving Eq. (13), we used the ondition
∑N
j=1 nj0Zj0 = 1, written in dimensionless variables.
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3 WEAKLY NONLINEAR APPROXIMATION FOR DUST
ACOUSTIC WAVES
We will searh for the solution to the set of Eqs. (11)(14) in the form
Y = Y0 + εY1 + ε
2
Y2 + ε
3
Y3 + . . . , (15)
where Y = (φ, nj, uj,Φj) and Y0 = (0, nj0, 0,Φj0), by using the onventional method of oordinate
strething:
ξ = ε1/2(x− V0t), τ = ε3/2t. (16)
In the zeroth order in ε, we obtain the equation determining the surfae potential of dust grains
in an unperturbed plasma,
exp(β1sΦj0) = α1δ1(1− sΦj0) + α2δ2(1− βsΦj0). (17)
Sine, in this equation, the surfae potential Φj0 of dierent speies of dust grains does not depend
on j, the subsript j in Φj0 will be further omitted.
In the rst order in ε, the set of equations has the form
− V0
∂nj1
∂ξ
+ nj0
∂uj1
∂ξ
= 0, (18)
V0
∂uj1
∂ξ
+
Zj0
mj
∂φ1
∂ξ
= 0, (19)
N∑
j=1
Zj1nj0 +
N∑
j=1
Zj0nj1 + φ1 = 0. (20)
Integrating Eqs. (18)(20) with the boundary onditions φ1, nj1, uj1, Zj1 → 0 at ξ → ±∞, we
obtain the following relationships for the lowest order quantities:
nj1 = −
Zj0nj0
mjV 20
φ1, uj1 = −
Zj0
mjV0
φ1, Zj1 = γ1φ1, (21)
where the fator γ1 is dened in the Appendix. For the linear wave veloity, we have
V 2
0
=
∑N
j=1
Z2j0nj0
mj
1 + γ1
. (22)
In the seond order in ε, the set of equations takes the form
− V0
∂nj2
∂ξ
+
∂nj1
∂τ
+ nj0
∂uj2
∂ξ
+
∂
∂ξ
(nj1uj1) = 0, (23)
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− V0
∂uj2
∂ξ
+
∂uj1
∂τ
+ uj1
∂uj1
∂ξ
− Zj0
mj
∂φ2
∂ξ
− Zj1
mj
∂φ1
∂ξ
= 0, (24)
∂2φ1
∂ξ2
=
N∑
j=1
Zj2nj0 +
N∑
j=1
Zj1nj1 +
N∑
j=1
Zj0nj2 +
s2(β2
1
− δ1 − β2δ2)
2(δ1 + δ2 − 1)
φ2
1
+ φ2, (25)
Zj2 = γ1φ2 + γ2φ
2
1
, (26)
where the fator γ2 is dened in the Appendix.
Expressing ∂nj2/∂ξ from Eqs. (23) and (24) and using Eq. (21), we obtain the KdV equation for
a weakly nonlinear dustaousti wave,
∂φ1
∂τ
+Bφ1
∂φ1
∂ξ
+ A
∂3φ1
∂ξ3
= 0. (27)
The oeients A and B in this equation are
A =
V0
2(1 + γ1)
, B/A =
s2(δ1 + β
2δ2 − β21)
δ1 + δ2 − 1
− 3
V 4
0
N∑
j=1
Z3j0nj0
m2j
+
3γ1
V 2
0
N∑
j=1
Zj0nj0
mj
− 2γ2.
To analyze the ase in whih the ratio between the oeients in Eq. (27) is zero, B/A = 0, we
use the method of oordinate strething,
ξ = ε(x− V0t), τ = ε3t. (28)
Then, the time derivative drops out from Eqs. (23) and (24) and we obtain the following expressions
for the seond-order quantities:
nj2 =
nj0
mjV 20
[
−Zj0φ2 +
1
2
(
3Z2j0
mjV 20
− γ1
)
φ2
1
]
,
uj2 =
1
mjV0
[
−Zj0φ2 +
1
2
(
Z2j0
mjV 20
− γ1
)
φ2
1
]
. (29)
In the third order in ε, the set of Eqs. (11)(14) takes the form
− V0
∂nj3
∂ξ
+
∂nj1
∂τ
+ nj0
∂uj3
∂ξ
+
∂
∂ξ
(nj1uj2 + nj2uj1) = 0, (30)
− V0
∂uj3
∂ξ
+
∂uj1
∂τ
+
∂
∂ξ
(uj1uj2)−
Zj0
mj
∂φ3
∂ξ
− Zj1
mj
∂φ2
∂ξ
− Zj2
mj
∂φ1
∂ξ
= 0, (31)
∂2φ1
∂ξ2
=
N∑
j=1
Zj3nj0 +
N∑
j=1
Zj2nj1 +
N∑
j=1
Zj1nj2 +
N∑
j=1
Zj0nj3 +
s3(β3
1
+ δ1 + β
3δ2)
6(δ1 + δ2 − 1)
φ2
1
+
+
s2(β2
1
− δ1 − β2δ2)
δ1 + δ2 − 1
φ1φ2 + φ3, (32)
Zj3 = γ1φ3 + 2γ2φ1φ2 + γ3φ
3
1
, (33)
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where the fator γ3 is dened in the Appendix.
Exluding ∂uj3/∂ξ from Eqs. (30) and (31), dierentiating expression (32) over ξ, and using Eqs.
(21) and (29) and the ondition B/A = 0, we arrive at the mKdV equation,
∂φ1
∂τ
+ C
∂φ3
1
∂ξ
+ A
∂3φ1
∂ξ3
= 0, (34)
where
C/A =
5
2V 6
0
N∑
j=1
Z4j0nj0
m3j
− 3γ1
V 4
0
N∑
j=1
Z2j0nj0
m2j
+
γ2
1
2V 2
0
N∑
j=1
nj0
mj
+
+
4γ2
3V 2
0
N∑
j=1
Zj0nj0
mj
− γ3 −
s3
6
β3
1
+ δ1 + β
3δ2
δ1 + δ2 − 1
.
Under the ondition φ1(η = ξ−uτ → ±∞) = 0 , Eqs. (27) and (34) have the well-known solutions
in the form of solitary waves. Their properties, suh as the amplitude, the propagation veloity, and
the sign of the eletri potential, are determined by the values and signs of the oeients entering
into the nonlinear equations. Below, we will analyze the dependene of these oeients on the
plasma parameters.
4 ANALYSIS OF NONLINEAR COEFFICIENTS
Taking into aount distribution funtion (1), we replae the sum over dust speies with the
integral,
N∑
j=1
nj0 = G
∫ a2
a1
a−νda = N. (35)
Then, averaging all the quantities under the summation symbol in the expressions for V 2
0
, B/A and
C/A, we obtain
V 2
0
=
v1
1 + γ1
, (36)
B/A =
s2(δ1 + β
2δ2 − β21)
δ1 + δ2 − 1
− 3b1
V 4
0
+
3γ1b2
V 2
0
− 2γ2, (37)
C/A =
5c1
2V 6
0
− 3γ1c2
V 4
0
+
γ2
1
c3
2V 2
0
+
4γ2c4
3V 2
0
− γ3 −
s3
6
β3
1
+ δ1 + β
3δ2
δ1 + δ2 − 1
, (38)
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where
v1 =
(2− ν)2
ν(4− ν)
(a4−ν
2
− a4−ν
1
)(a−ν
2
− a−ν
1
)
(a2−ν
2
− a2−ν
1
)2
,
b1 =
(2− ν)3
(4− ν)2(2 + ν)
(a4−ν
2
− a4−ν
1
)2(a−2−ν
1
− a−2−ν
2
)
(a2−ν
2
− a2−ν
1
)3
,
b2 =
(2− ν)(1− ν)
(4− ν)(1 + ν)
(a4−ν
2
− a4−ν
1
)2(a−1−ν
1
− a−1−ν
2
)
(a2−ν
2
− a2−ν
1
)(a1−ν
2
− a1−ν
1
)
, (39)
c1 =
(2− ν)4
(4− ν)3(4 + ν)
(a4−ν
2
− a4−ν
1
)3(a−4−ν
1
− a−4−ν
2
)
(a2−ν
2
− a2−ν
1
)4
,
c2 =
(2− ν)2(1− ν)
(4− ν)2(3 + ν)
(a4−ν
2
− a4−ν
1
)2(a−3−ν
1
− a−3−ν
2
)
(a2−ν
2
− a2−ν
1
)2(a1−ν
2
− a1−ν
1
)
,
c3 =
(1− ν)2
(4− ν)(2 + ν)
(a4−ν
2
− a4−ν
1
)(a−2−ν
1
− a−2−ν
2
)
(a1−ν
2
− a1−ν
1
)2
,
c4 = b2.
In deriving the above expressions, we took into aount that the density nj0, harge Zj0, and mass
mj are dimensionless quantities; therefore, in taking integrals, we passed to dimensional variables in
aordane with n → n/N , Z(a) → Z(a)/Z0, and m(a) → m(a)/m. We also used the dependenes
Z(a) = (Φ0/e)a, and m(a) = (4piρ/3)a
3
to nd expressions for the average values of Z0 and m:
Z0 =
Φ0
e
1− ν
2− ν
a2−ν
2
− a2−ν
1
a1−ν
2
− a1−ν
1
, m =
4piρ
3
1− ν
4− ν
a4−ν
2
− a4−ν
1
a1−ν
2
− a1−ν
1
, (40)
using whih expressions (39) an easily be derived.
Formulas (39) allow a limiting transition to the ase of a dust with unisized grains at a2 → a1, or
ν →∞. In the former ase, the unertainty is eliminated by setting a2 = a1 +∆a with ∆a≪ a and
keeping the summands of the rst order of smallness. In the latter ase, the ontribution from the
distribution funtion is signiant only in the viinity of a1 , irrespetive of the width of the interval
[a1−a2]. In both ases, oeients (39) are redued to unity and nonlinear oeients (37) and (38)
transform into the expressions obtained in [8℄.
The results of numerial analysis of oeients (37) and (38) are presented in Figs. 16. Figure
1 shows the dependene of the oeient B/A on δ2 for two values of δ1 for the ase of a dust of
unusized grains. This oeient an vanish when the density of old ions is smaller than the density
of hot ions and the temperature ratio Tih/Til is high enough. As the absolute value of the parameter
δ1 (whih haraterizes the density of old ions) inreases, the zeros of the funtion B/A(δ1) shift to
the right. Figure 2 illustrates the dependene of the oeient B/A on δ2 for dierent ratios a2/a1
and a xed value of the exponent ν. It is seen that, as the width of the interval of dust grain radii
inreases, the ritial point B/A = 0 disappears. Figure 3 presents a series of plots B/A(δ1) a2/a1 and
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dierent values of the exponents ν. As was mentioned above, the ase of large ν values orresponds to
a dust with grains nearly equal in size. For the given parameters, the oeient B/A at ν →∞ an
be either negative or positive. However, as the exponent ν dereases, the inuene of the distributed
grain size inreases, the ritial point disappears, and the oeient beomes negative dened. Figure
4 shows the dependene B/A(δ2) for dierent ratios between the temperatures of old and hot ions.
It is seen that the oeient is very sensitive to the ion temperature ratio. For the given (wide)
interval of dust grain radii, solitary rarefation waves an exist only when the temperature ratio is
larger than 35. At the same time, in a dusty plasma with equal-size grains, rarefation waves an
exist when the temperature ratio is 20, the other parameters being the same (see Fig. 1).
The urves in the plane (δ1 − δ2) in Fig. 5 orrespond to the points at whih the oeient
B/A vanishes. The lower and upper urves orrespond to the left and right zeros of the funtion
B/A. For δ1 values in the range [0 − 0.85], there are two points on urve 1 at whih the nonlinear
oeient vanishes. The existene of two ritial points of this oeient in a dusty plasma with
two-temperature ions was revealed in [7℄. At δ1 = 0.85, the ritial points merge, and, at δ1 > 0.85,
the oeient is negative dened. The region in whih B/A > 0 (rarefation dust wave) lies inside
the setor bounded by the urve. The larger the spread in dust grain sizes, the narrower the domain
of existene of rarefation waves (see urve 2). At ν < 2.5 (the other parameters being the same),
the oeient B/A is negative dened and nonlinear dustaousti waves are ompression waves.
The dependene C/A(δ1) under the ondition B/A = 0 has the shape of a loop (see Fig. 6). The
two points at whih the oeient B/A vanishes orrespond to two dierent urves C/A. Curves 1
and 2 refer to the left and right zeros of B/A, respetively. At δ1 ≈ 0.85 , the zeros of the oeient
B/A merge; aordingly, the values of C/A also merge at that point. It should be noted that, on
urve 2, the oeient C/A an take negative values. This means that double layer strutures an
form in a dusty plasma. We also note that, at C/A = 0 (urve 2 ) , the seond-order nonlinearities
are mutually anelled. In this ase, the nonlinear properties of a solitary wave are determined by
the third-order terms and an be analyzed in a similar way [7℄.
5 CONCLUSIONS
As the range [a1, a2] of dust grain sizes extends and/or the exponent ν of distribution funtions
(1) dereases, the positive values of the nonlinear oeient B/A n the KdV equation derease and
its negative values inrease in magnitude (see Figs. 2, 3). In this ase, the amplitude of a rarefation
solitary wave inreases and that of a ompression solitary waves dereases as ompared to those in a
10
dusty plasma with unisized grains. Even if the ratio between the temperatures of old and hot ions,
Til/Tih, , is quite suient for the development of solitary waves with a positive potential in a dusty
plasma with unisized grains, it an be insuient for their development in the ase where the grain
sizes obey distribution (1) (f. urve 1 in Fig. 1 with urve 3 in Fig. 4). Thus, in order for rarefation
solitary dustaousti waves to exist in a plasma with two-temperature ions and distributed dust
grain size, it is neessary that the temperature ratio between two ion omponents be larger than that
in a dusty plasma with unisized grains.
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APPENDIX
Let us dene onstants relating perturbations of the dust grain harge to the wave potential φ.
We expand the equation
exp[β1s(φ+ Φ)] = α1δ1 exp(−sφ)(1− sΦ) + α2δ2 exp(−βsφ)(1− βsΦ)
in power series in φ and Φ. In the rst order in order ε, we have
φ1[β1 exp[β1sΦ0) + α1δ1(1− sΦ0) + α2δ2β(1− βsΦ0)]+
+Φ1[β1 exp[β1sΦ0) + α1δ1 + α2δ2β] = 0.
Introduing the quantities
Γ1 = β1 exp[β1sΦ0) + α1δ1(1− sΦ0) + α2δ2β(1− βsΦ0)
Γ2 = β1 exp[β1sΦ0) + α1δ1 + α2δ2β,
we obtain
Φ1 = −
Γ1
Γ2
φ1.
Using the relationship Z1 = Φ1/Φ0 for dimensionless quantities, we nd
Z1 = γ1φ1, where γ1 = −
Γ1
Γ2Φ0
.
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The fator γ1 is the same for any jth dust speies; therefore, the subsript j in Φjk and Zjk (k = 1, 2, 3)
an be omitted.
In the seond order in ε, we have
Γ1φ2 + Γ2Φ2 = −
1
2
β2
1
s exp(β1sΦ0)(φ1 + Φ1)
2 + α1δ1s(φ1Φ1 + (1− sΦ0)φ21/2)+
+α2δ2β
2s(φ1Φ1 + (1− βsΦ0)φ21/2).
Using the relationships Φ1 = γ1Φ0φ1 and Z2 = Φ2/Φ0, we obtain
Z2 = γ1φ2 + γ2φ
2
1
, where γ2 =
Γ3
Γ2Φ0
,
Γ3 = −
1
2
β2
1
s exp(β1sΦ0)(1 + γ1Φ0)
2 + α1δ1s(γ1Φ0 + (1− sΦ0)/2)+
+α2δ2β
2s(γ1Φ0 + (1− βsΦ0)/2).
Finally, in the third order in ε, we obtain
Γ1φ3 + Γ2Φ3 = 2Γ3φ1φ2 + Γ4φ
3
1
,
Z3 = γ1φ3 + 2γ2φ1φ2 + γ3φ
3
1
where
γ3 =
Γ4
Γ2Φ0
,Γ4 = −β21s(1 + γ1Φ0) exp(β1sΦ0)(γ2Φ0 + β1s(1 + γ1Φ0)2/6)−
−α1δ1s2(γ1Φ0/2− γ2Φ0/s+ (1− sΦ0)/6)−
−α2δ2β3s2(γ1Φ0/2− γ2Φ0/βs+ (1− βsΦ0)/6).
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FIGURE CAPTIONS
Fig. 1. Nonlinear oeient B/A as a funtion of δ2 for the ase of a dust with equal-size grains at
dierent temperatures of the old ion omponent: (a) β1= 1) 0.03, 2) 0.05, 3) 0.07 (δ1 = 1, β2 = 1);
(b) β1= 1) 0.02, 2) 0.03, 3) 0.05 (δ1 = 2, β2 = 1). Key: 1. (a); 2. (b)
Fig. 2. Nonlinear oeient B/A as a funtion δ2 for dierent values of the ratio a2/a1: 1) 1, 2)
1.5, 3) 2, and 4) 2.5 (δ1 = 1, β1 = 0.04, β2 = 1, ν = 3.5).
Fig. 3. Nonlinear oeient B/A as a funtion of δ2 for dierent values of ν: 1) 7, 2) 6, 3) 5
(δ1 = 1, β1 = 0.04, β2 = 1, a2/a1 = 10).
Fig. 4. Nonlinear oeient B/A as a funtion of δ2 for dierent values of β1: 1) 0.02, 2) 0.025,
3) 0.03 (δ1 = 1, β2 = 1, a2/a1 = 10, ν = 3.5).
Fig. 5. Curves dened by the onditionB/A = 0 in the plane [δ1−δ2] for ν= 1) 3.5, 2) 3 (β1 = 0.03,
β2 = 1, a2/a1 = 10).
Fig. 6. Coeient C/A as a funtion of δ1 for B/A = 0. Curves 1 and 2 orrespond to left and
right zeros of the oeient B/A, respetively (β1 = 0.03, β2 = 1, a2/a1 = 10, ν = 3.5).
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